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HIGHER-ORDER MULTILINEAR POINCARE´ AND SOBOLEV
INEQUALITIES IN CARNOT GROUPS
KABE MOEN AND VIRGINIA NAIBO
Abstract. The notions of higher-order weighted multilinear Poincare´ and Sobolev
inequalities in Carnot groups are introduced. As an application, weighted Leibniz-
type rules in Campanato-Morrey spaces are established.
1. Introduction
The classical Poincare´ inequality
(1.1)
(∫
B
|h(x)− hB|
q dx
)1/q
≤ C
(∫
B
|∇h(x)|p dx
)1/p
, h ∈ C1(B),
where B is an Euclidean ball in Rn of radius r(B), hB =
1
|B|
∫
B
h(x) dx, 1 < p < n
and q = np
n−p
, can be proved as a consequence of the representation formula
(1.2) |h(x)− hB| .
∫
B
|∇h(y)|
|x− y|n−1
dy, x ∈ B,
and the fact that the fractional integral of order 1 is a bounded operator from Lp
into Lq. Representation formulas analogous to (1.2) were proved for Ho¨mander vector
fields with balls associated to the corresponding Carnot-Carathe´odory metric in Rn
in works that include [19, 11, 12, 13, 3, 24, 15]. As a result, weighted Poincare´
inequalities of the type(
1
uB
∫
B
|(h(x)− a(h,B))|qu(x) dx
)1/q
≤ C r(B)
(
1
vB
∫
B
|Xh(x)|pv(x) dx
)1/p
,
follow, where X = {Xj}
l
j=1 is a collection of vector fields satisfying Ho¨mander’s
condition, B is a Carnot-Carathe´odory metric ball in Rn of radius r(B), and a(h,B)
is the average of h over B with respect to Lebesgue measure or with respect to the
measure u(x)dx. The indices p, q and the weights u, v are related through certain
conditions that extend the cases 1 < p < Q, q = Qp
Q−p
(here Q stands for homogeneous
dimension) in the unweighted situation u = v = 1. In addition to the articles previouly
cited, we refer the reader to the seminal works [8, 4], regarding weighted Poincare´
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inequalities in the Euclidean setting, and [16], for unweighted Poincare´ inequalities
relative to Ho¨mander vector fields. Other related references include [10, 27, 14, 7].
As it is well-known, Poincare´ inequalities, along with Sobolev inequalities (replace hB
by 0), play an important role in the study of local regularity of solutions to partial
differential operators associated to vectors fields. An example of such operators is
given by
∑l
i,j=1X
∗
i (ai,j(x)Xj), where X
∗
j is the adjoint of Xj, j = 1, · · · , l, and {ai,j}
is a symmetric matrix satisfying a suitable degenerate or non-degenerate ellipticity
condition.
In the particular setting of Carnot groups, representation formulas in the spirit of
(1.2) with higher order derivatives in the right hand side and hB replaced by suitable
polynomials have also been extensively studied; see for instance [9, 6, 22, 25, 26].
More precisely, given a Carnot group G of homogeneous dimension Q and Carnot-
Carathe´odory metric d with respect to a family of generators X, it holds that
|h(x)− Pk(B, h)(x)| ≤ C
∫
B
∣∣Xkh(y)∣∣ d(x, y)k
|Bd(x, d(x, y))|
dy, x ∈ B,
where B is a d-ball, h ∈ Ck(B), 0 < k ≤ Q, Pk(B, f) is a suitable polynomial of
degree less than k and C is independent of h, x and B (consult notation in Section
2.1). In the Euclidean case these inequalities read as
|h(x)− Pk(B, h)(x)| ≤ C
∫
B
∣∣∇kh(y)∣∣
|x− y|n−k
dy, x ∈ B.
Boundedness properties of potential operators of order k lead then to higher order
weighted Poincare´ and Sobolev inequalities.
Bilinear (and multilinear) Poincare´ inequalities such as(∫
B
(|fg − fBgB|u)
q dx
)1/q
.
(∫
B
(|Xf |v1)
p1 dx
)1/p1 (∫
B
(|g| v2)
p2 dx
)1/p2
+
(∫
B
(|f |v1)
p1 dx
)1/p1 (∫
B
(|Xg| v2)
p2 dx
)1/p2
,(1.3)
where X is a collection of vector fields satisfying Ho¨rmander’s condition, were in-
troduced and studied in [28] in the context of Carnot-Carathe´odory spaces. Here
1
2
< p ≤ q < ∞ with 1
p
= 1
p1
+ 1
p2
, and the weights satisfy certain Muckenhoupt
weights-type conditions involving these indices. Such inequalities provide a valid
alternative to inequalities of the type
(1.4) inf
a∈R
(∫
B
|(fg)(x)− a|q dx
)1/q
.
(∫
B
|∇(fg)(x)|p dx
)1/p
,
which fail when 0 < p < 1. Higher-order versions of (1.4), for instance,
(1.5) inf
P (x)
(∫
B
|(fg)(x)− P (x)|q dx
)1/q
.
(∫
B
|∆(fg)(x)|p dx
)1/p
,
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where the supremum is taken over all polynomials P (x) of degree less than two,
also fail in general for 0 < p < 1 (see Remark 3). By Ho¨lder’s inequality a natural
substitute for (1.5) is given by
inf
P (x)
(∫
B
|(fg)(x)− P (x)|q dx
)1/q
.
(∫
B
|∆f(x)|p1 dx
)1/p1 (∫
B
|g(x)|p2 dx
)1/p2
+
(∫
B
|∇f(x)|p1 dx
)1/p1 (∫
B
|∇g(x)|p2 dx
)1/p2
(1.6)
+
(∫
B
|f(x)|p1 dx
)1/p1 (∫
B
|∆g(x)|p2 dx
)1/p2
,
where p1 and p2 satisfy
1
p
= 1
p1
+ 1
p2
. As we will see, inequality (1.6) and weighted
versions of it are indeed true for 1/2 < p < 1.
The aim of this work is to introduce higher-order weighted multilinear Poincare´
and Sobolev inequalities in the spirit of (1.6) in the general context of Carnot groups
that are valid even when 0 < p < 1.
This article consists of three additional sections. Section 2 starts with the necessary
background on Carnot groups and then presents the statements of the main results of
this article along with some remarks and examples. In Section 3 we prove our main
results, Theorem 1, Theorem 2 and Theorem 3, which follow from two key pieces
in the context of Carnot groups: the boundedness of multilinear potential operators
(Theorem 4) and representation formulas for products of functions (Corollaries 1, 2,
3). In Section 4 we close this article with an application to weighted Leibniz-type
rules for Campanato-Morrey spaces.
Acknowledgements. The authors would like to thank Guozhen Lu for useful
discussions regarding the results presented in this article. They also thank the anony-
mous referees for their comments and suggestions.
2. Main Results
We start this section by reviewing some preliminaries concerning Carnot groups
(Section 2.1). The main results are presented in Section 2.2 along with some remarks
and examples.
2.1. Carnot groups. We follow the notation in [1] for our exposition and refer the
reader to [1, 6, 9] for further details.
A smooth vector field X on Rn is a C∞ function X : Rn → Rn, this is, X(x) =
(a1(x), · · · , an(x))
T , x ∈ Rn, where ai : R
n → R, i = 1, · · · , n, are infinitely differ-
entiable functions. If f : Rn → R is differentiable, we denote by Xf the function
defined by
Xf(x) = X(x)T · ∇f(x) =
n∑
j=1
aj(x) ∂jf(x), x ∈ R
n.
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If X = {X1, · · · , Xl} is a family of smooth vector fields in R
n, f ∈ C1(Rn), and
α = (α1, · · · , αl) ∈ N
l
0 is a multi-index we define
Xαf := Xα11 (· · ·X
αl−1
l−1 (X
αl
l f)),
and if k ∈ N0 we set
∣∣Xkf ∣∣ :=

∑
|α|=k
|Xαf |2


1/2
.
Let (Rn, ⋄) be a Lie group on Rn and denote by g its Lie algebra. Consider
n1, · · · , ns ∈ N, n1 + · · ·+ ns = n, and dilations {δλ}λ>0 of the form
δλ(x) = (λ x
(1), λ2x(2), · · · , λsx(s)), x(i) ∈ Rni.
The triple G = (Rn, ⋄, δλ) is said to be a Carnot group (of step s and n1 generators)
if δλ is an automorphism of (R
n, ⋄) for every λ > 0 and if the first n1 elements of the
Jacobian basis of g, say Z1, · · · , Zn1, satisfy
(2.1) rank(Lie[Z1, · · · , Zn1](x)) = n, for all x ∈ R
n,
where Lie[Z1, · · · , Zn1] is the Lie algebra generated by the vector fields Z1, · · ·Zn1 .
The number Q =
∑s
i=1 i ni is called the homogeneous dimension of G. The vector
fields Z1, · · · , Zn1 are called the (Jacobian) generators of G, whereas any basis for
span{Z1, · · · , Zn1} is called a system of generators of G. It follows that
g = W (1) ⊕ · · · ⊕W (s),
where W (i) denotes the vector space spanned by the commutators of length i of
the vectors Z1, · · · , Zn1. The elements in W
(i) are δλ-homogeneous of degree i, and
dimW (i) = ni if i ≤ s and W
(i) = {0} if i ≥ s. Note that this implies that
Lie[Z1, · · · , Zn1] = g; moreover condition (2.1) implies that {Z1, · · ·Zn1} is a fam-
ily of vector fields satisfying Ho¨rmander’s condition.
We will consider in Rn the Carnot-Carathe´ory metric d associated to a system of
generators of G. If Bd(x, r) is the d-ball of radius r centered at x then |Bd(x, r)| =
cd r
Q where cd = |Bd(0, 1)| (see [1, p. 248]). It follows that (R
n, d,Lebesgue measure)
is a space of homogeneous type.
The second order differential operator
L =
n1∑
j=1
X2i
is called the canonical sub-Laplacian of G if Xi = Zi, i = 1, · · · , n1, and simply
a sub-Laplacian if {X1, · · · , Xn1} is a system of generators of G. We point out that
there are characterizations of families of smooth vector fields {X1, · · · , Xn1} for which
there exists a Carnot group with respect to which
∑n1
i=1X
2
i is a sub-Laplacian (see,
for instance, [1, p.191]).
If α = (α1, · · · , αn) ∈ N
n
0 is a multi-index and x = (x1, · · · , xn) ∈ R
n we set
xα = xα11 · · ·x
αn
n , |α| = α1 + α2 + · · ·+ αn, |α|G = σ1α1 + σ2α2 + · · ·+ σnαn,
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where σi = 1 for i = 1, · · · , n1, σi = 2 for i = n1 + 1, · · · , n1 + n2, σi = 3 for
i = n1+n2+1, · · · , n1+n2+n3, and so on. If P (x) =
∑
α cαx
α is a polynomial onG the
homogeneous degree (or just degree) of P is defined as degG(P ) = max{|α|G : cα 6= 0}.
2.2. Main results. We are now ready to present the main results in this article.
Theorem 1 (Higher-order weighted multilinear Poincare´ inequality). Suppose m ∈
N, 1
m
< p ≤ q < ∞ and 1 < p1, · · · , pm < ∞ such that
1
p
= 1
p1
+ · · · + 1
pm
. Let G
be a Carnot group in Rn of homogeneous dimension Q and n1 generators, k and m
positive integers such that k ≤ mQ, d the Carnot-Carathe´odory metric in Rn with
respect to a family of generators X of G. Let u, vi, i = 1, · · · , m, be weights defined
on Rn and satisfying condition (2.2) if q > 1 or condition (2.3) if q ≤ 1, where
(2.2)
sup
B d-ball
r(B)k+Q(1/q−1/p)
(
1
r(B)Q
∫
B
uqtdx
)1/qt m∏
i=1
(
1
r(B)Q
∫
B
v
−tp′i
i dx
)1/tp′i
<∞,
for some t > 1,
(2.3)
sup
B d-ball
r(B)k+Q(1/q−1/p)
(
1
r(B)Q
∫
B
uqdx
)1/q m∏
i=1
(
1
r(B)Q
∫
B
v
−tp′i
i dx
)1/tp′i
<∞,
for some t > 1, with r(B) the radius of B.
Then for all d-ball B and all ~f = (f1, · · · , fm) ∈ (C
k(B))m, there exists a polyno-
mial Pk(B, ~f) of degree less than k such that the following weighted m-linear subel-
liptic Poincare´ inequality holds true
(∫
B
(∣∣∣∣∣
m∏
i=1
fi − Pk(B, ~f)
∣∣∣∣∣u
)q
dx
)1/q
≤ C
∑
αi∈N
n1
0
|α1|+···+|αm|=k
m∏
i=1
(∫
B
(|Xαifi| vi)
pi dx
)1/pi
,
(2.4)
where C is a constant independent of ~f and B and Xα for a multiindex α is as defined
in Section 2.1.
In the linear case (m = 1), representation formulas and Poincare´ inequalities imply
embedding theorems on Campanato-Morrey spaces. These embeddings are applicable
when studying the regularity of solutions to partial differential equations; see, for
instance, Lu [20, 21] where such embeddings were proven in the Carnot-Carathe´odory
context. The multilinear analogs of these embeddings come in the form of Leibniz-
type rules. We next illustrate this by focusing on the bilinear case m = 2. Indeed,
the fractional Leibniz rule states that for α > 0 and 1 < p1, p2, q1, q2, r < ∞, with
1
r
= 1
p1
+ 1
q1
= 1
p2
+ 1
q2
, the inequality
(2.5) ‖ |∇|α (fg)‖Lr . ‖ |∇|
α f‖Lp1‖g‖Lq1 + ‖f‖Lp2‖ |∇|
α g‖Lq2
6 KABE MOEN AND VIRGINIA NAIBO
holds true, where |̂∇|α h(ξ) = |ξ|α hˆ(ξ). Since the pioneering work by Christ-Weinstein
[5] and Kenig-Ponce-Vega [18] on the Korteweg-de Vries equation and Kato-Ponce
[17] on the Navier-Stokes equation, inequality (2.5) has emerged as an essential tool
to study nonlinear PDEs. In particular, PDEs whose nonlinear terms involve qua-
dratic expressions, or, more generally, powers of the solution or its derivatives, and
products of the solutions and their derivatives. The use of (2.5) and closely related
inequalities has vastly spread across the literature in Analysis and PDEs. Notice that
inequality (2.5) is a particular case of
(2.6) ‖fg‖Z . ‖f‖X1‖g‖Y1 + ‖f‖X2‖g‖Y2
where the spaces Z = W˙ α,r, X1 = W˙
α,p1, Y1 = L
q1 , X2 = L
p2 , and Y2 = W˙
α,q2
belong to the homogeneous Sobolev scale. As an application of Theorem 1 we de-
rive inequalities of type (2.6) in the scale of weighted Campanato-Morrey spaces in
Carnot groups (see Theorem 5). We remark that these estimates are new even in the
Euclidean setting.
When k = 1 in Theorem 1 one has P (B, ~f) ≡
∏m
i=1 fiB. Since constants on the
right hand side of (2.4) are independent of B , by taking |B| → ∞, we obtain the
following first-order weighted Sobolev inequality(∫
Rn
(
m∏
i=1
|fi|u
)q
dx
)1/q
≤ C
m∑
i=1
(∫
Rn
(|Xfi| vi)
pi dx
)1/pi∏
j 6=i
(∫
Rn
(|fj | vj)
pj dx
)1/pj
,
for fi ∈ C
k
c (R
n). More generally, as proved in [26] (see also [22]), the polynomials in
Theorem 1 can be taken so that a limit argument gives the following higher-order
weighted multilinear Sobolev inequalities.
Theorem 2 (Higher-order weighted multilinear Sobolev inequalities). Under the
same hypothesis as Theorem 1 and for fi ∈ C
k
c (R
n), i = 1, · · · , m,(∫
Rn
(
m∏
i=1
|fi|u
)q
dx
)1/q
≤ C
∑
αi∈N
n1
0
|α1|+···+|αm|=k
m∏
i=1
(∫
Rn
(|Xαifi| vi)
pi dx
)1/pi
,(2.7)
where C is a constant independent of ~f and Xα for a multiindex α is as defined in
Section 2.1.
When k = 2, a representation formula in terms of the fundamental solution of a
sub-Laplacian on a Carnot group and the boundedness properties of the multilinear
fractional integrals give the following Sobolev inequality.
Theorem 3 (Second-order weighted multilinear Sobolev inequalities with sub-Lapla-
cians). Under the same hypothesis as Theorem 1 (k=2) and for fi ∈ C
2
c (R
n), i =
HIGH-ORDER MULTILINEAR POINCARE´ AND SOBOLEV INEQUALITIES 7
1, · · · , m, (∫
Rn
(
m∏
i=1
|fi|u
)q
dx
)1/q
≤ C
m∑
i=1
(∫
Rn
(|Lfi| vi)
pi dx
)1/pi∏
j 6=i
(∫
Rn
(|fj | vj)
pj dx
)1/pj
,
where L is the sub-Laplacian associated to X and C is a constant independent of ~f.
Remark 1. We point out that Theorem 1, as well as the notions of higher-order
weighted multilinear Poincare´ and Sobolev inequalities, are new even in the Euclidean
setting. On the other hand, the Euclidean case of Theorem 2 for k = 1 and Theorem 3
were proved in [29].
Remark 2. The multilinear techniques implemented in the proof of Theorem 1 allow
for a class of weights strictly larger than the one obtained by iteration of the linear
results and Ho¨lder-type inequalities, see [28, p. 10] and [29, Remark 7.5].
Remark 3. We present here an example that shows that inequalities of the type (1.5)
fail in general for 0 < p < 1. The ideas are inspired by the example given in [2] that
proves that (1.4) may fail for 0 < p < 1.
We first consider the one dimensional Euclidean case. Let ϕ : [−1, 1]→ [0, 1] be a
continuously differentiable function such that ϕ(−1) = 0, ϕ(1) = 1, ϕ′(−1) = ϕ′(1) =
0 and
∫ 1
−1
ϕ(x) dx = 1. Set
ψ(x) :=


0 for x ≤ −1,∫ x
−1
ϕ(t) dt for − 1 ≤ x ≤ 1,
x for x ≥ 1,
For each ε ∈ (0, 1
2
), define fε(x) = ε ψ(
x
ε
) for x ∈ R. It follows that
lim
ε→0
∫ 1
−1
|f ′′ε (x)|
p
dx = 0, 0 < p < 1.
On the other hand, if 0 < q <∞ there exists a constant Cq > 0 such that
inf
a, b∈R
∫ 1
−1
|fε(x)− (ax+ b)|
q dx ≥ Cq, for ε ∈ (0, 1/2).
Indeed, if 0 < q <∞ and 0 < ε < 1/2 then
inf
a, b∈R
∫ 1
−1
|fε(x)− (ax+ b)|
q dx ≥ C inf
a, b∈R
∫ 1
1/2
(|ax− b| + |(1− a)x− b|)q dx
≥ C inf
b∈R
∫ 1
1/2
|x− 2b|q dx.
Elementary computations show that
∫ 1
1/2
|x− 2b|q dx is bounded from below by a
positive constant independent of b. For higher dimensions consider gε(x1, · · · , xn) :=
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fε(x1) where fε is as above and integrate, say, in a ball centered at the origin and
radius one.
We conclude this section with some examples of the result of Theorem 3 in the
setting of the Heisenberg group Hn. Recall that Hn = (R2n+1, ⋄, δλ) where
(x, y, s)⋄(x′, y′, s′) = (x+x′, y+y′, s+s′+2 y ·x′−2 x·y′), x, y, x′, y′ ∈ Rn, s, s′ ∈ R,
and
δλ : R
2n+1 → R2n+1, δλ(x, y, s) = (λx, λy, λ
2s).
The homogeneous dimension of Hn is then Q = 2n + 2 and the Jacobian generators
are
Xi = ∂xi + 2yi∂s, Yi = ∂yi − 2xi∂s, i = 1, . . . , n.
The canonical sub-Laplacian on Hn (Kohn Laplacian) is given by
∆Hn =
n∑
j=1
X2j + Y
2
j =
n∑
j=1
∂2xj + ∂
2
yj
+ 4
(
n∑
j=1
x2j + y
2
j
)
∂2s + 4
(
n∑
j=1
yj∂xj − xj∂yj
)
∂s.
Set z = (x, y, s) ∈ Hn and let
|z|Hn = |(x, y, s)|Hn =
4
√
(|x|2 + |y|2)2 + s2.
The weights u(z) = |z|−2
Hn
, v1 = v2 = 1 satisfy the condition (2.3) with p = q = 1 and
p1 = p2 = 2 and any t > 1. By Theorem 3 it follows that∫
R2n+1
|f(z)g(z)|
|z|2
Hn
dz .
(∫
R2n+1
|∆Hnf(z)|
2 dz
)1/2(∫
R2n+1
|g(z)|2 dz
)1/2
+
(∫
R2n+1
|f(z)|2 dz
)1/2(∫
R2n+1
|∆Hng(z)|
2 dz
)1/2
.
Another example with p = q = 1 and p1 = p2 = 2 is given by taking u to be an A∞
weight in Hn and v1(x)
2 = v2(x)
2 = u(x)−1. Condition (2.3) is then satisfied (with
t > 1 coming from the reversed Ho¨lder inequality satisfied by u) if
(2.8) sup
B ball inHn
1
r(B)Q−1
∫
B
u(z) dz <∞.
For such u, Theorem 3 gives∫
R2n+1
|f(z)g(z)|u(z) dz .
(∫
R2n+1
|∆Hnf(z)|
2
u(z)
dz
)1/2(∫
R2n+1
|g(z)|2
u(z)
dz
)1/2
+
(∫
R2n+1
|f(z)|2
u(z)
dz
)1/2(∫
R2n+1
|∆Hng(z)|
2
u(z)
dz
)1/2
.
An example of a weight in A∞ that satisfies (2.8) is u(z) = |z|
−1
Hn
, hence, the following
holds:∫
R2n+1
|f(z)g(z)|
|z|Hn
dz .
(∫
R2n+1
|∆Hnf(z)|
2|z|Hn dz
)1/2(∫
R2n+1
|g(z)|2|z|Hn dz
)1/2
HIGH-ORDER MULTILINEAR POINCARE´ AND SOBOLEV INEQUALITIES 9
+
(∫
R2n+1
|f(z)|2|z|Hn dz
)1/2(∫
R2n+1
|∆Hng(z)|
2|z|Hn dz
)1/2
.
3. Proofs of Theorem 1, Theorem 2, and Theorem 3
The proofs of Theorems 1, 2, and 3 follow from Theorem 4 and Corollaries 1, 2
and 3, respectively, which we state and prove below.
3.1. Multilinear fractional integrals in Carnot groups. Given a Carnot group
G = (Rn, ⋄, δλ) of homogeneous dimension Q and a system of generators ofG, sayX =
{X1, · · · , Xn1}, we consider on R
n the Carnot-Carathe´odory metric d associated toX.
If Bd(x, r) is the d-ball of radius r centered at x, recall that |Bd(x, r)| = cd r
Q where
cd = |Bd(0, 1)| and therefore (R
n, d,Lebesgue measure) is a space of homogeneous
type. For ~x = (x1, · · · , xm) and ~y = (y1, · · · , ym) with xi, yi ∈ R
n, i = 1, · · · , m, we
define d(~x, ~y) := d(x1, y1)+· · ·+d(xm, ym); in the case when x1 = x2 = · · · = xm =: x,
we simply write d(x, ~y) instead of d(~x, ~y.)
In the framework of Carnot groups, we define the multilinear fractional integral of
order τ > 0 by
(3.1) IG,τ (~f)(x) :=
∫
Rnm
~f(~y)
d(x, ~y)mQ−τ
d~y, x ∈ Rn,
where ~f = (f1, · · · , fm), fi : R
n → R, and for ~y = (y1, · · · , ym) ∈ R
nm, ~f(~y) =∏m
i=1 fi(yi).
Theorem 4. Suppose m ∈ N, 1
m
< p ≤ q < ∞ and 1 < p1, · · · , pm < ∞ such
that 1
p
= 1
p1
+ · · · + 1
pm
. Let G be a Carnot group in Rn of homogeneous dimen-
sion Q, τ a positive real number, m a positive integer such that τ ≤ mQ, d the
Carnot-Carathe´odory metric in Rn with respect to a family of generators X of G,
and u, vi, i = 1, · · · , m, weights defined on R
n and satisfying condition (2.2) if q > 1
or condition (2.3) if q ≤ 1 with k replaced by τ. Then there exists a constant C such
that (∫
Rn
(∣∣∣IG,τ (~f)(x)∣∣∣ u(x))q dx
)1/q
≤ C
m∏
i=1
(∫
Rn
(|fi(x)| vi(x))
pi dx
)1/pi
for all ~f = (f1, · · · , fm) ∈ L
p1(Rn, vp11 dx) × · · · × L
pm(Rn, vpmm dx). The constant C
depends only on structural constants and the constants appearing in (2.2) and (2.3).
Proof. Since (G, d,Lebesgue measure) is a space of homogeneous type we just need to
check that the hypothesis of [28, Corollary 1] are satisfied if τ ≤ mQ. The conditions
to be checked are the reverse doubling property of Lebesgue measure with respect to
d-balls and a growth condition for the kernel of the multilinear fractional integral.
The reverse doubling condition in this setting means that there are positive con-
stants c and δ such that
|Bd(x1, r1)|
|Bd(x2, r2)|
≥ c
(
r1
r2
)δ
,
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whenever Bd(x2, r2) ⊂ Bd(x1, r1), x1, x2 ∈ R
n, and 0 < r1, r2 <∞. Since |Bd(x, r)| =
cd r
Q the above inequality holds true with a uniform constant c and any positive
δ ≤ Q.
The growth condition for the kernel in this context means that for every positive
constant C1 there exists a positive constant C2 such that for all ~x, ~y, ~z ∈ R
nm,
d(~x, ~y)τ∏m
i=1 |Bd(xi, d(~x, ~y))|
≤ C2
d(~z, ~y)τ∏m
i=1 |Bd(zi, d(~z, ~y))|
, d(~z, ~y) ≤ C1 d(~x, ~y)
d(~x, ~y)τ∏m
i=1 |Bd(xi, d(~x, ~y))|
≤ C2
d(~y, ~z)τ∏m
i=1 |Bd(yi, d(~y, ~z))|
, d(~y, ~z) ≤ C1 d(~x, ~y).
Both inequalities follow from the facts that |Bd(x, r)| = cd r
Q and τ ≤ mQ. 
3.2. Multilinear higher-order representation formulas in Carnot groups. In
this subsection we prove multilinear higher-order representation formulas for a family
of generators of a Carnot group (Corollaries 1, 2, 3) as consequences of their linear
counterparts (Theorems A, B, C).
Theorem A ([25, p.111, Corollary E]). Let G be a Carnot group in Rn of homo-
geneous dimension Q, k a positive integer, d the Carnot-Carathe´odory metric in Rn
with respect to a family of generators X of G, B a d-ball, and f ∈ Ck(B). Then there
exists a polynomial Pk(B, f) of degree less than k such that for x ∈ B,
|f(x)− Pk(B, f)(x)| ≤ C
∫
B
∣∣Xkf(y)∣∣ d(x, y)k
|Bd(x, d(x, y))|
dy + C
r(B)k
|B|
∫
B
∣∣Xkf(y)∣∣ dy,
where C is independent of f, x and B. Moreover, if k ≤ Q then
(3.2) |f(x)− Pk(B, f)(x)| ≤ C
∫
B
∣∣Xkf(y)∣∣ d(x, y)k
|Bd(x, d(x, y))|
dy.
Corollary 1 (Higher-order multilinear representation formula.). Let G be a Carnot
group in Rn of homogeneous dimension Q and n1 generators, k andm positive integers
such that k ≤ mQ, d the Carnot-Carathe´odory metric in Rn with respect to a family
of generators X of G, B a d-ball, and ~f = (f1, · · · , fm) ∈ (C
k(B))m. Then there
exists a polynomial Pk(B, ~f) of degree less than k such that for x ∈ B,
(3.3)∣∣∣∣∣
m∏
i=1
fi(x)− Pk(B, ~f)(x)
∣∣∣∣∣ ≤ C
∑
αi∈N
n1
0
|α1|+···+|αm|=k
IG,k(|X
α1f1|χB, · · · , |X
αmfm|χB)(x),
where C is independent of ~f, x and B.
Proof. Consider the Carnot group G(m) in Rnm given by the sum of m copies of
G (see [1, p. 190]) and note that G(m) has homogeneous dimension mQ. Let X˜
be the family of generators for G(m) given by m copies of X with appropriately
added zeros and d˜ be the Carnot-Carathe´odory metric in Rnm associated with X˜.
Then Bd˜(~x, r) =
∏m
i=1Bd(xi, r) for r > 0 and ~x = (x1, · · · , xm) ∈ G
(m) (see [23,
Lemma 1]). Therefore Bm is a d˜-ball and Theorem A applied to f(~y) =
∏m
i=1 fi(yi),
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~y = (y1, · · · , ym), gives that there exists a polynomial Pk(B
m, f)(~x) on G(m) of degree
less than k such that for all ~x = (x1, · · · , xm) ∈ B
m∣∣∣∣∣
m∏
i=1
fi(xi)− Pk(B
m, f)(~x)
∣∣∣∣∣ ≤ C
∫
Bm
∣∣∣X˜kf(~y)∣∣∣ d˜(~x, ~y)k∣∣∣Bd˜(~x, d˜(~x, ~y))∣∣∣ d~y,
= C
∫
Bm
∣∣∣X˜kf(~y)∣∣∣ d˜(~x, ~y)k∏m
i=1
∣∣∣Bd(xi, d˜(~x, ~y))∣∣∣ d~y,
where C is independent of f, ~x and B. Restricting to the diagonal, x1 = x2 = · · · =
xm = x ∈ B, setting Pk(B, ~f)(x) := Pk(B
m, f)(~x), which is a polynomial in x of
degree less than k, and using that d˜(~x, ~y) ∼ d(x, ~y) and |Bd(x, r)| = cd r
Q we obtain∣∣∣∣∣
m∏
i=1
fi(x)− Pk(B, ~f)(x)
∣∣∣∣∣ ≤ C
∫
Bm
|X˜kf(~y)|
d(x, ~y)mQ−k
d~y
≤ C
∑
αi∈N
n1
0
|α1|+···+|αm|=k
∫
Bm
|Xα1f1(y1) · · ·X
αmfm(ym)|
d(x, ~y)mQ−k
d~y
showing (3.4). 
In [26] it is proved that the polynomial in (3.2) can be taken in such a way that
|B| → ∞ gives the following global representation formula.
Theorem B ([26, p. 659, Theorem 3.1]). Let G be a Carnot group in Rn of ho-
mogeneous dimension Q, k a positive integer such that k ≤ Q, and d the Carnot-
Carathe´odory metric in Rn with respect to a family of generators X of G. Then there
exists a constant C such that
|f(x)| ≤ C
∫
Rn
∣∣Xkf(y)∣∣ d(x, y)k
|Bd(x, d(x, y))|
dy, f ∈ Ckc (R
n), x ∈ Rn.
Reasoning as in the proof of Corollary 1 we obtain
Corollary 2 (Higher-order global multilinear representation formula.). Let G be a
Carnot group in Rn of homogeneous dimension Q and n1 generators, k and m positive
integers such that k ≤ mQ, and d the Carnot-Carathe´odory metric in Rn with respect
to a family of generators X of G. There exists a constant C such that
(3.4)∣∣∣∣∣
m∏
i=1
fi(x)
∣∣∣∣∣ ≤ C
∑
αi∈N
n1
0
|α1|+···+|αm|=k
IG,k(|X
α1f1| , · · · , |X
αmfm|)(x), fi ∈ C
k
c (R
n), x ∈ Rn.
The following representation formula is well known (see, for instance, [1, p.236]).
12 KABE MOEN AND VIRGINIA NAIBO
Theorem C. Let L be a sub-Laplacian on a Carnot group G in Rn of homogeneous
dimension strictly larger than 2. If Γ is the fundamental solution for L then
φ(x) = −
∫
Rn
Γ(x−1 ⋄ y)Lφ(y) dy, φ ∈ C∞0 (R
n), x ∈ Rn.
Remark 4. The homogeneous dimension of G being strictly larger than 2 guar-
anties the existence of a fundamental solution for L, which is unique. Also Γ(x) ∼
d(x, 0)2−Q, x 6= 0, where d is the Carnot-Carathe´odory metric in Rn associated with
the family of generators corresponding to the sub-Laplacian L.
Corollary 3 (Second-order global multilinear representation formula with a sub-
-Laplacian.). Let G be a Carnot group in Rn of homogeneous dimension Q, m a
positive integer such that mQ > 2, X a family of generators of G and L its sub-
Laplacian. There exists a constant C such that
(3.5)
∣∣∣∣∣
m∏
i=1
fi(x)
∣∣∣∣∣ ≤ C
m∑
i=1
IG,2(|f1| , · · · , |Lfi| , · · · , |fm|)(x),
for all x ∈ Rn and fi ∈ C
∞
c (R
n), i = 1, · · · , m.
Proof. Let d be the Carnot-Carathe´odory metric in Rn with respect to X and let
G(m), X˜ and d˜ be as in the proof of Corollary 1. If Γ˜ is the fundamental solution for
the sub-Laplacian L˜ corresponding to X˜ then Theorem B gives
f1(x1)f2(x2) · · ·fm(xm) = −
∫
Rmn
Γ˜((~x)−1⋄˜~y) L˜(f1 · · ·fm)(~y) d~y,
for ~x = (x1, · · · , xm) ∈ R
mn, ⋄˜ the group operation in G(m) and fi ∈ C
∞
c (R
n),
i = 1, · · · , m.
We note that Γ˜((~x)−1 ⋄ ~y) ∼ d˜(~x, ~y)2−mQ ∼ d(~x, ~y)2−mQ and that L˜(f1 · · · fm)(~y) =∑m
i=1 Lfi(yi) ·Πj 6=ifj(yj) for ~y = (y1, · · · , ym) ∈ R
mn. By these remarks and by taking
x := x1 = x2 = · · · = xm in the above formula we obtain (3.5).

4. An application to weighted Leibniz-type rules in
Campanato-Morrey spaces
Let G be a Carnot group in Rn, d the Carnot-Carathe´odory metric in Rn with
respect to a family of generators X of G, w ≥ 0 a weight and p, λ > 0. A function
f ∈ L1loc(R
n, wp) is said to belong to the weighted Morrey space Lp,λ(w) if
‖f‖Lp,λ(w) = sup
B
(
1
|B|λ/Q
∫
B
|f(x)w(x)|p dx
)1/p
<∞
where the supremum is over all d-balls B. Next, we define the weighted Campanato
space of order k, Lp,λk (w). Let Pk be the collection of polynomials in G of degree less
than k. We write f ∈ Lp,λk (w) if
‖f‖Lp,λ
k
(w) = sup
B
inf
P∈Pk
(
1
|B|λ/Q
∫
B
(|f(x)− P (x)|w(x))p dx
)1/p
<∞.
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As a consequence of Theorem 1 we have the following.
Theorem 5. Let 1 < p1, p2 <∞, p be defined by
1
p
= 1
p1
+ 1
p2
, q ≥ p and λ, λ1, λ2 ∈
(0,∞) be such that λ
q
= λ1
p1
+ λ2
p2
. If G is a Carnot group in Rn of homogeneous
dimension Q and n1 generators, k is a positive integer such that k ≤ 2Q, d is the
Carnot-Carathe´odory metric in Rn with respect to a family of generators X of G and
u, v1, v2 are weights on R
n satisfying condition (2.2) if q > 1 or condition (2.3) if
q ≤ 1 with m = 2, then
‖fg‖Lq,λ
k
(u) ≤ C
∑
αi∈N
n1
0
|α1|+|α2|=k
‖Xα1f‖Lp1,λ1 (v1) ‖X
α2g‖Lp2,λ2 (v2).
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